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SUMMARY

In this paper, we give some new improvements of the famous works of F. Kittaneh, Y. Manasrah about
Young's inequalities published on the J. Math. Anal. Appl. (2010) and Linear Multilinear Algebra (2011)
via the theory of quadratic interpolations. As applications, we also establish corresponding inequalities

for matrix and operator versions.
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1. INTRODUCTION

The classical Young inequality for scalars states
that for all a,b >0 and v €[0,1], we have

(I1-v)a+vb>a""b", (1)
with equality if and only if @ =5 . The inequality
(1) is also known in the literature as the weighted
arithmetic-geometric mean inequality.

One of the most striking refinements and
reverses of (1) was established by Kittaneh and
Manasrahin (Kittaneh & Manasrah, 2010, 2011) as

r(Ja—~b) +a"p
<(A-v)a+vb
<d™b" +R,(Na—~/b)*,
here and hereafter 7 =min{v,1-v} and

R, =max{v,1-v}. The equality sign in (2) also
happen when a=5.
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Relying on the proof of these inequalities,
we can not see fully the source of non-negative
quantities ro(\/;— b)* and Ro(\/;—\/g)z in (2).
However, this will be explained more clearly when
applying the well-known Jensen-type inequalities:

pO)+o) (1
r"( 2 %D

<1-=v)p(0) +ve(l) —p(v)
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for the convex function @(v)=a'"b" with
a,b>0 and ve[0,1]. The inequalities in (3)
were proposed by Dragomir (Dragomir, 2006).
The approach via the convexity of functions not
only explain the source of (2), but also provide a
unified method for many recent results related to
Young’s inequality, its refinements and reverses,

3)
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see (ChoiKrni¢, & Pecari¢, 2017) and references
therein.

In this article, we proceed to use the convexity
of functions to give a more further refinements of
(2). To see this idea clearly, we focus primarily on
the case a # b . The left-hand inequality in (2) is
then equivalent to

(1-v)a+vb—d""b"

V)=
O Ja by
Evidently, f is a concave function on [0,1]
because, for all v €[0,1],

Ina—InbY
a—
f'(v)=—a"b" (—j <0.
Ja b
It is easy to see that 7 =min{v,1-v} is
a concave function on [0,1]; moreover, it is
a concave interpolation of f on [0,1] with

>r, for all v €[0,1]

nodes 0,%,1. However, if we only consider the
interval [0,%] , the function 7, =v is only a linear

interpolation of the function f . This shows that
the function given by

(I1-v)a+vb—ad™"b"

gv)= (\/;—\/Z)z -V

is still concave on [O,%]. This, together with

the

above mentioned idea, motivates us to find a
concave interpolation /4 of the function g on the

interval [0,%] such that, for all v € [0,%] ,

h(v)=0 and gv)=h(v).

In the present paper, we give a concave
interpolation of the quadratic form
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