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TOM TAT
Bai bao nay chi ra ddc trung th hai ciia Dinh 1y lam tri ndi tiéng cua Hardy-Littlewood-Polya van

con dung cho 16p ham h-AG, -

16i. Ap dung cua két qua nay, chung t6i mé rong mot sb bat dang thirc

ndi tiéng cho cac ham 16i suy rong thude 16p ham h— AG, —15i.

Tir khéa: lam tréi, Dinh Iy lam tréi, ham h—AG,

1. MO PAU

Ly thuyét lam troi dong vai trd quan trong va
¢6 nhiéu Gmg dung trong cac linh vyc khac nhau.
Ly thuyét nay da duoc sir dung rong rii tir dau thé
ki XX boi cac nha kinh té hoc. Pau tién phai ké
dén dong gop cua Lorenz (Marshall, A. W., Olkin,
I., 1981) vao nim 1905 khi cong bd dudng cong
ndi tiéng c6 tén goi 1a dwong cong Lorenz. Nam
1920 Dalton (Marshall, A. W., Olkin, 1., 1981) da
dua ra quan diém khac ma sau nay dugc goi la
nguyén Iy chuyén giao. Tuy nhién, dén nam 1934
khai niém lam trdi moi duge Hardy, Littlewood
va Pélya (Hardy et al., 1934) dinh nghia mot cach
chit ch& vé mat toan hoc. Sau do, 1y thuyét nay da
dugc st dung rong rai trong nhiéu linh vuc. Trong
toan hoc, 1y thuyét lam troi 1a cong cu manh dé
nghien ctru bat dang thic, giai tlch 10i, va dai s6
tuyén tinh. Trong 1y thuyét xac sudt, Iy thuyet lam
troi mo rong thanh 1am troi ngau nhién, dong thoi
gitip nghién ciru cac ham phan phdi. Trong thong
ké, 1y thuyét lam troi dugc ing dung trong phan
tich thong ké da bién hay 1dy mau. Trong 1y thuyét
thong tin, ly thuyét lam tri dugc st dung trong do
do bat dinh hay entropy (ham entropy Shannon
hay entropy ctia phan phdi Multinomial ciing duoc
nghién ctru thong qua tinh chit ham Schur-16m
),... (Marshall and Olkin, 1981).

Véi mdi vecto z=(z,,...,r,)eR", ta ki
hiéu 2" =(z/,...,7,) 1a vecto nhan duoc tr T
bang cach sap xép lai cac thanh phan toa do ciia
n6 theo thir thy giam dan. Khi dé, véi hai vecto
z,ycR",tandi ¥ trdéi hon z , ki hiéu z <y, néu

k k
lez < Z;y:,
khi k=n. Quan hé nay dugc dic trung béi Dinh
1y 1am troi ndi tiéng cua Hardy-Littlewood-Polya
nhu sau.

Dinh 1y 1.1 ( Day, 1973). Cdc khang dinh sau
dady la twong dwong doi véi z,yeR".

1) z=y.

l,...,n,voi dang thic xay ra

- Zoz, bat dcfng thirc Karamata.

) > f(x) <D f(y,) véi moi ham 16i lién tuc
i=1 i=1

f xac dinh trén R.

(3) z thudc bao loi cia tip {z:2 =y'}.

(4) Ton tai ma trdn ngau nhién kép C sao cho
r=0y.

Nhic lai rang mot ma tran vuong cap n dugc
goi la mdt ma tran ngau nhién kep néu cac phan
tir cia n6 khong Am va tong cac phan tir trong mdi
dong va mdi cot déu bang 1.

Pinh Iy 1.1 1a m¢t trong nhiing dinh 1y quan
trong nhat ctia 1y thuyét 1am troi. Dac trung thir hai
ctia Pinh 1y 1.1 chi ra tinh chat giai tich cua lam
troi, con duoc goi 1a bat ding thirc troi. Pic trung
thtr ba thé hién dic trung hinh hoc cua lam troi.
Dic trung thir tu khang dinh mdi thanh phan toa do
cua vecto z la trung binh c6 trong ctia cac thanh
phén toa do cua vecto ¥ (z thudc bao 15i cta tap
{z:2" =y"}). Day chinh 1a mot trong nhitng dac
trung hinh hoc quan trong cta 1y thuyét lam troi
(Marshall and Olkin, 1981).

Do 1y thuyét 1am trdi c6 vai trd quan trong nén
Pinh 1y 1.1 da dugc xem xét md rong cho nhiéu
truong hop khac nhau duya trén tinh 16i suy rong.
Niculescu va Roventa da sir dung déac trung tha 4
trong Dinh Iy 1.1 dé mo rong khai niém lam troi
dén tinh 16i suy rong rat tong quat (ham (M M )
16i) va d thu dugc bat ding thic cho dic trung hal
cua Dinh 1y 1.1 (Niculescu and Roventa, 2017).
Tuy nhién, do dic diém cta 16p ham 15i suy rong
duogc xét, cong trinh chi thu duoc diéu kién di ma
khong phai diéu kién can cho dic trung nay (Huy,
2018).

Ham h — MN —16i dwoc gidi thiéu boi Alomari
(Alomari, 2019). Pay 1a 16p ham kha téng quat,
d6 1a sy két hop caa ham A —16i va ham MN —
16i. Do d6 viéc nghién ctru 16p ham nay mang lai
nhiéu két qua y nghia. Ciing theo tac gia Alomari
(Alomari, 2021) 16p ham h — MN —16i dugc phan
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ra nhidu truong hop dya vao dic diém cia cac ham
trung binh M, N. Mdt trong cadc ham h—MN —
101 c6 thé ké den d6 1a ham h— A G, —106i

Muc tiéu chinh ctia ching t6i trong bai bao
nay la mo rong dac trung thir hai cua Dinh Iy lam
troi noi tieng cua Hardy-Littlewood-Polya (Pinh
ly 1.1) cho 16p ham h — AG, — 161 dugc gidi thi¢u
béi Alomari (Alomari, 2021). Trong bai bao,
chung t6i chi ra dac trung hai la di€u kién can va
du cho troi héa dbi véi 10p ham nay. Noi riéng,
két qua ndy ciing chinh 1a mét mo rong cua bat
dang thirc Karamata cho 16p ham h— AG, —16i.
Sau do, ching t6i chi ra mdt so bat dang thirc ndi
tiéng khac d6i véi ham 16i van con ding cho 16p
ham h-AG, —161.
2. NOI DUNG VA PHUONG PHAP NGHIEN
cUu
2.1. Ngi dung nghién ciru

Noi dung nghién ctru cta bai bao thudc vé linh
vuc giai tich 161 va bat dang thire. Cu thé hon, van
de nghién ctru cua bai bdo tap trung chu yéu vao ly
thuyét lam troi gan lién véi ham h— A G, —1061 va
bat dang thuc. Dya vao két qua Pinh 1y 2.2 (Huy et
al.,2024), bai bao da dua ra mot lam min ctia Pinh
1y 3.1.5 (Alomari, 2019). Sau d6 4p dung két qua
vira tim dugc dé dua ra Pinh 1y ki¢u [am trdi cho
ham h—-AG, —loi

2.2. Phuong phéap nghién cuu

Bén canh viéc su dung phuong phap dac biét
hoa va khai quat hoa dé c6 duoc cai nhin tong quan
vé van dé nghién ctru, chung t6i con st dung dic
trung hinh hoc ctia tri héa. Hon nira, chiing t6i két
hop dac trung nay vdi dac trung giai tich cua 16p
ham h— A G, —16i dé nhan duoc két qua méi cho
Dinh 1y kiéu lam troi.
3. KET QUA NGHIEN CUU VA THAO LUAN
3.1. Bit ding thirc kiéu Jensen cho Iép ham
h-AG, — loi

Sau day, ta luon gia thiét I,J 13 cac
khoang trong R, sao cho (0,1) c I,[a,b] cJ
va D c R".Dinh nghia 3.1.1 (Alomari, 2021).
Gia st h:l—(0,00) & mot ham khong am.
Dinh nghia ham M : [0,1] - [a,b] xac dinh boi
M(t)zM(t;a,b) trong d6 M(¢;a,b) 13 mot
trong cac ham sau

()4, (a,b)=h(1-t)a +h(t)b dugc goi la
trung binh s6 hoc.

(i) G, (a,b)= """
hinh hoc.

Vé6i h(t)=t thi A (a,b)=(1-t)a +tb.

Bay gid ta nhic lai dinh nghia ham h— A G, - 16i
theo Alomari (Alomari, 2021) trong dinh nghia sau.

duoc goi la trung binh

Pinh nghia 3.1.2 (Alomari, 2021). Gia su
h:I—(0,00) 1a mot ham khong am cho trudc,
A :[0,1]>[a,b], G, :(0,0) > (0,:0) 1a
ham trung binh. Ham f :D— (0,00) duoc goi la
ham h-AG, - 16i néu bat dang thurc

fta, + (=02 <[f(@)]" [f(a )]] dung

voimoi z,,z, € D va voi moi te[Ol

cac

Mot dac trung quan trong cua lop ham
h—-AG, —16i la bat dang thirc kiéu Jensen. Tuy
nhién, dé c6 két qua nay, ta can khai niém ham
siéu nhan tinh sau day.

Pinh nghia 3.1.3 (Niculescu and Persson,
2006). Ham h:I — R duogc goi la siéu nhan tinh
néu h(zy)>h(z)h(y), véimoi x,yel .

Pinh nghia 3.1.4 (Niculescu and Persson,
2006). Ham h:I - R duogc goi la cong tinh néu
h(x)+h(y)=h(zy), véimoi z,y el .

Pinh ly 3.1.5 (Alomari, 2019) Gia su
w,,W,,...,w, la cac so thuc duong (n >2)

va W = Z’w Néu h la ham siéu nhan tinh

khong am va f 1a h—AG,—16i tren D thi

voi moi z,,7,,...,x, €D ta co bat dang thirc

! (Wilwzfﬁjﬁﬁ[f(%)]w- (3.1)

w,
=—Yi=1n. thi
.WTI,

Sa =1,0<a <1,Vi=Ln. Khi do, bit ding
i=1

Trong Dinh ly 3.1.5, dat «,

thire (3.1) tr¢é thanh

(e e

Dinh 1y sau dy cung cdp mot 1am min cia
Pinh 1y 3.1.5.

Dinh 1y 3.1.6. Cho vecto x c6 cdc thanh phan
khong am thuéc D la mét tdp con loi cua R".
Gia sir h:(0,1)—(0,00) la ham siéu nhan tinh.
Néu ham f:D—>(0,) la ham h—AG, - Ioi,
duong trén D thivéimoei x, € D, a, >0,Vi=1n,

Zn:al =1, a,, =min{a,} tacé bat dang thirc
i=1

1<i<n

} )
f(znlai:ci)s (1—236]1 H[f(x )]hm
Mire)] |

h(a;)

<[1[/(=)]

Chitng minh. Trudc hét, ta chimg minh bat dang
thirc dau. Ap dung Pinh 1y 2.2 (Huy et al.,2024) ta duoc
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i‘,h(al)f(xi)—f( axj
1 |

Vi fla ham h—AG, —10i nén Inof 1a ham
h-16i. Do d6 Ino f 12 ham 16i. Suy ra
150))
n =

S (e £)(z)~ (e f)(Zam)
2 () 520 (e )
lnﬁ[[f(xl )]h(ai) - 1n{f(i1:aixiﬂ >nh(a,, )

1

(mlj[f(x,)]”

' —lnf(%ijJ

)]

In-E—————>nh(a,, )In-=
(S )]

l:[[f(m7 ):Ih(a,) i f[l:f(xi)]”h(ami")

thire

Vay bét dang thirc dau dugc chimg minh xong.
Bét dang thirc thir hai dugc suy tryc tiép tir tinh
dwong cua ham £ va bét dang thic kiéu Jensen
cho ham h— A4,G, 16i. That vay, theo Nhan xét 2.1
trong (Huy et al., 2024), ta c6

1i1nf(xi>—1nf[1ixij

h(na ) d
= ihia, )( ( jsz(x)_mf( Z"”D
>0.

Bét ding thirc nay kéo theo

(o] 232

va két hop voi tinh duong ctia ham f'va h,
ta suy ra

nh(in )

1 n
(213
1> n'a 1
M)
i=1
Viy dinh 1y dugc chung minh xong.
3.2. Pinh ly kiéu lam trji cho ham h—AG, - 16i
Ap dung Bat diang thic Jensen cho ham
h—AG, —16i ta thu duoc dinh 1y sau

DBinh ly 3.2.1. Cho C=(ay),,,

la ma tran
ngau nhién kép va cac vécto m—(x],xz, .z,),
y= (y],yz, y,) théa man diéu kién y=Cz, Dit
a, = {{1}1}3@ . Gid sir h:(0,1) = (0,00) la ham l6m,
siéu nhan tinh, cong tinh va f:D — (0,00) la ham
h—AG, - 16i, dwong trén D, trong d6 D la khodng
chita cdc thanh phan cia vécto x va vécto' y. Khi

do, ta cé bat ddng thirc

[0 Jea¥

Ching minh. Vi y=Ax nén vy, —Z% T,
trong doZa =1 Za =1,v6i moi 23—1
Ap dung Bmh ly 3.1.6 cho ham f ta dugc

|
f(yi):f( 4 :L‘.jﬁ (—ij

nh(a;)

1

T1/)]

x [f(xj)} d=1Ln (3.2)
i1 |
{15
bat A:n—l:ll.Nhénnbétdéng thirc

)]
(3.2) lai véi nhau va st dung tinh cong tinh cia
h ta duogc o)

1)< 1) T )]

=1 j=1
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(1)) %

3.3. Mt 56 vng dung ciia Dinh 1y kiéu lam troi

Muc ti€u trudc tién cia chiung toéi ¢ day 1a mo
rong bat dang thirc Popoviciu (Bougofta, 2006)
sau day

3 )+ fAE
i=1 - n
2 z, T,
Zn_zgf( 5 ). (33)

v6i f 1aham 16i xac dinh trén I va cac 7, € 1.

Nhén xét 3.3.1. Vi (3.3) dang v6i moi ham 16i
nén no6 cling ding véi moi ham 161 lién tuc xac
dinh trén R . Do d6, theo Pinh Iy 1.1, ta ¢6 vécto

xz(xl,...,xl,...,xn, NN )|

(trong d6 a =- ) trdi hon vécto

n
(x] +z, T+, T +T, T+,
y:

) ey 5 PREETY

2 2 2 2
T +T, T +T
n-1 n n—1
2
2 2
Chu y rang trong vécto z =(z,,...,7,,2,,....,%,,
s ye s D ey Qyeey@) €6 N—2 lan z,...,z, va
n lan a. Do do6 ton tai ma tran ngau nhién kép
C sao cho y=Cz. Lién hé ndy chimg to rang

"j, Vi#k.

772*77,
Yy, = Z a,r, voimoii=1,....n
j=1

Dinh Iy 3.3.2 (Bat dang thirc kiéu Popoviciu).

Cho C'=(a,) s, ()
kép va cac vécto 1,y dwoc xac dinh nhw trong

NhNdn xét 3.3. ] thoa man diéu kién y=Cx.
Voi moi 1=1,. —-n, ta dat a, = rnln a,. Gia
sit h:(0,1) —>(0 oo) la ham Iom sisihan tinh,
cong tinhva f: D—)(O ) la ham h—-AG, —l6i
dwong trén D, trong do D chira cac thanh phan
cua vecto x va vécto'y. Khi do, ta co bat dang thirc

T+, ’
=

Z (n? -n)h(a;) n nh(1)

<A T )] [F@)]

i=1

2
—n.

la ma trdn ngau nhién

trong do

A= f(nzl—n[(n_z)i% +naD
e o}

Chitng minh
f( 21 [(n—Z)Zn:xi+naD
B{itA: n —-n i=l .

n— 2 n |n"-n
M) @] |
Ap dung tryc tiép Pinh 1y 3.2.1 cho hai vécto
T va y gdm n* —n thanh phin toa do ta duoc
T + T T+,
i 7 2 J
] n*-n h(a;)

ca="

n (1) h(1) (1) (1)

1L @] L@ ] @] L]

+(ﬂ*2) , n
T+,
it
22 (T’ - h(a n— 2 h ”h(l)
<A™ )] ()]

Nam 2006, Bougoffa (Bougoffa 2006) da
chimg minh bt ding thirc kiéu Popoviciu suy
rong c6 dang

(-D3 )| Si@)-f@ | G4
T 4+,

trong d6 f 1a ham 161 batky, = =
n

x. . .. L, a2
L véimoi 1=1,2,...,n . Batdang

vay, =
n—

thire (3.4) cung v6i Pinh 1y 1.1 chimg to rang bo
...,7,)gémnlan z,,
>y17"wyn:"-ayﬂ:f""af):
, gom n—1 lan y,, vanlan Z.
Vi véy, ap dung truc tiép Pinh 1y 3.2.1 cho cac
vécto u<v gdbm 7’ thanh phan, ta dugc két qua
sau.
Pinh 1y 3.3.3 (Bt dang thirc Popoviciu suy
rong). Cho C=(a,) . , la ma trdn ngau nhién
kép va cdc vécto

U=(Yysee s Y,

UV =(T,5eesTyye s @
trdi hon bd u = (y,,...

j=1n’

'7yn5"'5yna bR '/'U) ]_ln
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gom n-1 lan y, va n lan T va vecto
V=(Z,,...,T,5..., T, ,...,T,) gom n lan z,,i=1n,
5 ~ A A r . X 2
thoa man diéu kién uw=Cv. Véimoi 1=1,...,n°, ta
dat a,=mina, . Gia sir h:(0,1)—(0,00) la ham

1<j<n

lom, siéu nhan tinh, cong tinh va f :D—>(O,oo)
la ham h—-AG, - 16i, dwong trén D, trong dé D
la khodng chira cdc thanh phdn cia vécto u va
vécto v. Khi dé, ta cé bat dang thirc

[0 w)] ()]
anmanl:[ [f = )]nhm

< AS
n
27,
i=1

b

f

trong do A=

4. KET LUAN

Trong bai bao nay, chung t6i dd mo rong dac
trung thtr hai ciia Pinh 1y 1am trdi ndi tiéng cua
Hardy-Littlewood-Pdlya (Pinh 1y 1.1) dua vao dac
trung thtr tu ciia Pinh 1y nay cling nhu tinh chat
cia ham h-AG, — 16i. Tir d6 mot s6 bat dang
thirc n6i tiéng dugc thiét 1ap cho ham 10i ciing
dugc mo rong cho 16p ham h— A G, — 16i. Cac két
qua cling nhu phuong phap din dén cac két qua
trong bai bao 1a méi c6 thé dugc ap dung dé thu
dugc cac két qua twong tu cho 16p ham 16i suy
rong khac.
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ABSTRACT

In this paper, we show that the famous majorization theorem of Hardy-Littlewood-Pdlya still holds
true for the class of all h—AG, — convex functions. Using this result, we generalize some well-known

inequalities for functions which belongs to this class.

Keywords: Majorization, majorization theorem, h—AG, —

convex fuction, Karamata's inequality.
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